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The relativistic effects of the Lorentz boost and the collision in the centre-of-mass system (eMS) have been
considered for intrabeam scattering. This effect increases the growth rate of emittances estimated by the
non-relativistic CMS system treatment.
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INTRODUCTION
Intrabeam scattering is multiple scattering of particles within a beam caused by Coulomb
scattering. Although the scattering is elastic, it gives rise to a random energy transfer
between particles in the laboratory system, thereby causing an increase in emittance.
Intrabeam scattering was first studied theoretically by PiwinskP using smooth approx-
imations for lattice parameters to estimate the growth rate of emittances. A numerical
method was developed by Evans and Zotter2. Martini extended the theory of Piwinski
to the case of varying lattice parameters3. Another approach was taken by Bjorken and
Mtingwa4 where the method of the field theory and lattice parameters without the smooth
approximations were used. Recently, Parzen5 studied the high energy beam effect using
the theory of Martini. All the above theories, however, treat the intrabeam scattering as
a non-relativistic collision in the centre-of-mass system (CMS) of particles in the bunch
(the theory of Piwinski is correct under the condition that ~x' « 1, where '"Y is the
Lorentz factor of the reference particle in the laboratory system and x I ==dx / ds the
slope of the orbit), because it is enough to consider the non-relativistic kinematics in the
CMS for proton beams and low energy electron beams in their studies.
In low-energy electron storage rings, intrabeam scattering is effective in emittaqce
growth and the motion of particles is non-relativistic in the CMS, so we can use the above
theories to estimate the growth rate of emittances. On the other hand, in the high-energy
region the motion of particles can be fully relativistic in theCMS and we cannot use
the above conventional theories. In this energy region, however, the effect of intrabeam
scattering is negligibly small in itself and we need not consider the emittance growth
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due to intrabeam scattering. In the intermediate-energy region for electron storage rings,
such as synchrotron radiation sources6, the situation is different. Firstly, in this energy
region, particles may move relativistically in the CMS. Secondly, the low emittance is
required for the synchrotron radiation source and we must consider the emittance growth
due to intrabeam scattering. Therefore, in this energy region, we need to consider the
emittance growth due to intrabeam scattering with the relativistic effect in the CMS of
particles in the bunch.
In this paper, we study such relativistic effects of intrabeam scattering using an ap-
proach similar to Piwinski in order to see the relativistic effect clearly.
This paper includes descriptions of relativistic kinematics (section 2), emittance changes
(section 3), a comparison of the results obtained with Piwinski's theory and a discussion
of the relativistic correction to the growth rate of emittances (section 4).
2 RELATIVISTIC KINEMATICS
Following Piwinski1, we consider the momenta of two particles with the same mass m
in the natural coordinate of the ring as
(1)
where subscripts 1 and 2 denote the particle number, and subscripts s, x and y indicate
the longitudinal, horizontal and vertical components, respectively. We also introduce the
unit vectors as
p+q pxq
e\ = Ip + qj e2 = Ip x ql e3 = e\ x e2 . (2)
We consider the Lorentz boost to the CMS of two particles along el and study how the
relativistic motion affects the momentum change. In this (el, ez, e3) coordinate, we can
~xpress p and q as
(3)
where (Pl,PZ,P3) == ((pz+p·q)/Ip+ql, 0, Ip x ql/lp+ql) and (ql,qZ,q3) == ((qz+p.
q)/Ip + ql, 0, -Ip x ql/lp + ql ). The four momenta of particle 1 in the CMS are then





where {3b, rb are the boost parameters, the subscript 0 indicates the zeroth component
of the four-vector and the bars denote the variables in the CMS. The condition of CMS
leads to expressions of {3b, rb :
(5)
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where p.q = Poqo - p.q and c is the velocity of light. Using Eqs. (4) and (5), we get
p = T(PO,PI,lh,P3) in the form
V!(P' q +m2cZ)





we also get the same expression for particle 2 except for the opposite sign of the three
momenta. Equations (5) and (6) include information from the relativistic motion of the
particle in the CMS and they are the basis of our discussions.
Now, we consider changes in the momenta due to elastic scattering between particles I
and 2 in the CMS which are determined by the cross-section, and then see the relativistic
effect of the CMS. We assume the scattering angle around p in the CMS is «(), ¢), where
() and ¢ are the polar and azimuthal angles, respectively (note that the collision axis is
parallel to p in the CMS). Then, the changes in the momenta bp become
(
bpo ) ( 0 )PI P3 sin () cos ¢ - PI (I - cos ())
bpz = Ipl sin () cos ¢
bP3 -PI sin ()cos ¢ - P3(1- cos())
(7)
where bpo = 0 is the result of elastic scattering. The inverse Lorentz boost of Eq. (7)
gives the momentum change in the laboratory system as
(
bpo ) ( (lb'Ydp3 sin () cos ¢ - PI (1 - cos ())} )
bPI 'Yb {P3 sin () cos ¢ - PI (1 - cos ())}
bpz = Ipl sin 8 cos ¢
bP3 -PI sin 8 cos ¢ - P3(1 - cos ())
(8)
where (lb, 'Yb and PI are given by Eqs. (5) and (6), respectively. We can see how elastic
scattering between particle I and 2 in the CMS leads to an energy transfer between
particles I and 2 in the laboratory system from Eq. (8), where bpo i- O. Using Eqs.
(1) and (2) and assuming that Ps ~ Px,Py and putting Ps c:::= qs c:::= P (p is the reference
momentum) whenever the difference between Ps and qs does not play an important role,
we obtain the momentum changes in the laboratory system represented by the natural






2'Yb ( ~ sin(8/2) cos«()/2) cos ¢ - ~I sinz(8/2))









2 {(_~ Ipi sin¢-(PI cos¢)sin(B/2)cos(B/2)
0' p P
-( ~ sin2(B/2)} (11)
where 0', ~ and ( are defined by
J(x{ - xD2 + (y{ - yD2
x{ - x~ ( := y( - y~ . (12)
In Eqs. (9)-(11), 8ps /p is dominant among momentum changes by the factor 'Yb and
intrabeam scattering affects the beam most effectively through this term.
We also introduce X defined by
X := (13)
'Y
with EI = (Po - p)/p, E2 = (qo - p)/p and'Y is the Lorentz factor of the reference
particle in the laboratory system. In order to write down Eqs. (9)-(11) in terms of the
laboratory system completely, we express 'Yb, PI/p and P3/P using Eqs. (5) and (6) in
the forms
'Y (14)'Yb i
PI 1 P3 1
-ix 20' (15)p 2 P
where i is the Lorentz factor of the particles in the CMS. Further we can represent i
and iJ by the variables in the laboratory system as
(16)
with
g:='Y(3 w:=JX2 +0'2+ g 2X20'2 (17)2
where (3 is the velocity of the reference particle in units of c in the laboratory system (
here we approximate the mean values by the values of the reference particle ).
Here we can see that the relativistic effect appears in i which is larger than unity and
this is the essential point of our study. If we assume the non-relativistic motion of the
particle in the CMS, then i and iJ are approximated by
(18)
and Eqs. (9)-(11) reduce to the momentum change derived by Piwinski l . However, we
consider here the case where i is comparatively larger than unity and iJ rv 0(1) , so that
'Yb < 'Y, Pt!P > X/2 and the non-relativistic kinematics no longer holds in the CMS.
We see that terms 'Yb and Pt!P appear in Eqs. (9)-(11), and therefore these relativistic
effects must be included in the momentum changes caused by intrabeam scattering.
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3 EMITTANCE CHANGE DUE TO M0LLER COLLISION
The relativistic motion of the particles in the CMS introduces another effect to the
emittance growth through the differential cross-section. To see this effect we employ the
M011er cross-section for the scattering between particles 1 and 2 instead of the Rutherford
cross-section used in Ref. 1•
In our notation, the M011er cross-section in the CMS becomes
( dO") r; (1+132)2{ 4 3 ($2 )2( . 4)} (19)
. d M = 412 ~ sin4e - sin2e+ 1 + (32 1 + sin2e '
where d == d(cos B)d¢ and re is the classical electron radius. The effect of particle
exchange is included in Eq. (19), but this effect is negligible since the events of small
scattering angles are dominant in intrabeam scattering. The only important difference
between Rutherford's and Mpller's formulas is the kinematical factor in front of the curly
brackets. In the intermediate-energy region, particles move relativistically in the CMS,
and therefore we must use expressions $ and i defined by Eqs. (16) and (17) in this
cross-section. The relativistic effect of the CMS is introduced by these terms.
Now, we calculate the changes of emittances using this cross-section. Here we use
action variables and assume the zero x-y coupling to see relativistic effects clearly. They
are given by
Ix 1 ( 2 2 1 f3 12) (20)2 IX X f3 + axxf3xf3 + xX f3
Iy ~ ("(yy2 + 2ayYy' + ,8yyI2) (21)
IE ~ (E2 + ~E2) (22)2 . O~
where Ix ,y , ax ,y and (3x ,yare the horizontal and vertical Twiss parameters, respectively,
and Os is the synchrotron frequency.
We also assume a Gaussian phase-space distribution for the bunch as
P
Pa a == X, y, E,
(23)
(24)
where p is normalized such that its volume integral is equal to unity, and the brackets
mean average over phase-space.
Then we can get the change of the emittances by the M0ller collision per unit time as
(25)
where N is the number of particles in the bunch, Vrel is the relative velocity of particles
1 and 2 in the CMS taken to be 2c$, 8Ia == 8I1a + 8I2a are the changes of the action
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variables by the collision, 8(r) == 8(SI - s2)8(XI - x2)8(Y1 - Y2) indicates that the collision
between particles 1 and 2 occurs at the same position in the bunch, and d 2r is the volume
element of the total phase-space.
We note that relations x == x{3 + TJE and x' == x~ + TJ' E hold for the orbit where TJ is the
momentum dispersion function and that the excitation of the betatron oscillation occurs
through these relations. The quantity TJ' is the slope of the dispersion function which can
be important for a ring such as a synchrotron radiation source.
We carry out the integration in Eq. (25) according to the following procedures and
considerations.
• Introduce central and relative coordinates defined by
1 1
SI,2 S ±"2r EI,2 == E ± "2"YX
1 1 I I 1 I
X{3I,2 x{3 ± "2 t{3 =f "2TJ"YX XI,2 == x ± 2~ ~ == ~{3 + TJ "YX
1 I I 1
YI,2 Y ± 2u YI,2 == Y ± 2( .
• The changes of the action variables are
~{2E; + (;r}
[ { ( )2}1 8p 2 8p2 "(x -27]xf3 p + 7] P
{ ( )2}8px 8px 8p I 8p I 8p I 8p+2Qx x{3- - TJ- - - TJx{3- - TJ x{3- + TJTJ -P P P P P P
+ ~x {2x~ 8;x + ( 8;xr-27]' 8;x ; - 2x~7]'; + 7]12 ( ; r} ]
~ { 2~ y,8py +~ (8Py )2}2 y p y p
where 8p/p ~ 8ps/p,8px/p and 8py/p are given by Eqs. (9)-(11). We must note
that in these changes of the action variables, the effect of 8ps /p is dominant for 8IE and
8Ix, while the effect of 8py /p is dominant for 8Iy in the absence of the X-Y coupling.
Relativistic effects of momentum changes discussed in the previous section appear in
8IE ,8Ix and 8Iy mainly through 8ps /p and 8py /p, respectively.




where fj is the maximum impact parameter assumed to be the average distance between
particles in the bunch ( Piwinski assumed one-half of the average distance between
particles, but this difference is not very important in the result).
RELATIVISTIC EFFECTS OF INTRABEAM SCATTERING IN STORAGE UNITS 167
After these treatments, Eq. (25) reduces to







respectively, where a's are the root-mean-square (r.m.s.) sizes of the bunch. The quantity
[log.] is so called the Coulomb log and includes the small angle effect.
Comparing Eq. (26) with the non-relativistic one in Ref. 1, we find that the relativistic
effect appears in the term g2w2 which is equivalent to liil2/m2c2 and it includes the
effect of 'fJ and 'fJ' by the relation ~ = ~(3 + (ax 'fJ + f3x 'fJ')"'(X/f3x. Indeed, if we ignore the
term g2w2 and use the approximation w3 rv (X2+e + (2)3/2 in Eq. (17), then Eq. (26)
reduces to Piwinski's result:
x
("Yx'fJ2+ 2ax'fJ'fJ' + f3x'fJ'2) "'(2{e + (2 - 2X2}
+6(CI:x'fJ + f3x'fJ'hX~




where Piwinski assumed 7]' == zero and used the smooth approximations for the lattice
parameters.
We can calculate the growth rates of emittances for the relativistic and the non-
relativistic cases in the CMS using Eqs. (26) and (30), respectively.
4 RELATIVISTIC CORRECTIONS TO GROWTH RATES OF EMITTANCES
To estimate the growth rate of emittances, we must integrate Eq. (26). However, the
analytical evaluation is very difficult, and we need to integrate it numerically. This
situation has already happened in the non-relativistic CMS treatments to integrate Eq.
(30)2,3 where a great deal of effort was required.
Thus, instead of complicated numerical calculations, we make a rough approximation
of Eq.(26) to compare with Eq. (30) and evaluate the correction factor to the growth
rate of emittances to the non-relativistic treatment.
Now, we estimate the relativistic effect on the growth rate of emittances
1 d(Ia)
---(Ia ) dt ; a ==X,Y,E. (31)
Note that the growth rate of (Ia ) is twice as large as that of r.m.s. beam sizes.
Comparing Eq. (26) with Eq. (30) and taking account of only dominant terms in
the changes of the action variables, i.e., 8ps /p for 8/E , 81x and 8py /Py for 81y as we
mentioned in the previous section, we find the most effective factors in Eq. (26) for the
growth rates are
(1 + 2g 2W2)2
(1 + g2W2)3/2




respectively. Using these factors together with Eq. (17), we can estimate the relativistic
correction factor for the growth rates of emittances 1/Ta N.R. in the non-relativistic CMS
treatment.
To get a rough estimate of the relativistic correction factors, we make the following
assumptions in the right-hand-side of Eq. (26).
• The Coulomb log, i.e., [log.] is assumed to be constant.
• The effect of X2 is much smaller than that of a 2(== ~2 + (2) in w3 of the denominator
and in the expressions enclosed by curely brackets.
• Expand the most effective factors mentioned above about g assuming g2a 2 » 1.
• Estimate the integration for the leading terms only and compare them with the corre-
sponding terms of Eq. (30).
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Then, we get the growth rates in the forms
1 . 1-~CE-







From Eqs. (33) and (34), we can see that the relativistic correction tends to increase
the growth rates of emittances and that the inclusion of TJ and TJ' enlarges the relativistic
correction.
For example, if we use the averaged parameters of TRISTAN MR-SOR which is a
new synchrotron radiation source using TRISTAN MR of KEK now being used as an
e+e- collider 6,7,8 ( 5GeV, 10~A, 90° /60° lattice) : (3x ~ 19.6(~), ExO ~ 0.40(~ ~"u)
the natural emittance, Ex / ExO ~ 10.3, where Ex is the final emittance calculated by the
non-relativistic treatment, O"E ~ 0.75 X 10-3 , TJx ~ 0.38(~), then CE ~ 1.04 and l/Tx N.R.
is corrected by relativstic effects by about 4%.
5 CONCLUSION
In this paper, we have seen how the relativistic effect in the CMS is introduced in the
theory of intrabeam scattering and we have estimated the approximate correction factors
of the growth rate of emittances to the non-relativistic CMS treatment. This relativistic
effect increases the growth rates and TJ and TJ' affect the growth rate of emittances
through'these correction factors. In the case of TRISTAN MR-SOR, for example, this
relativistic effect increases the growth rate of the horizontal emittance. This effect should
be included in the theory of intrabeam scattering by both the approach by Piwinskp,3
and the approach by field theories 4 in the case of intermediate-energy region electron
rings.
We note that the invariant referred to in the theory of Piwinski1 should be corrected
by this effect, but the correction is very small because i « r and the expression for the
invariant holds approximately in the present relativistic case.
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